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CALDERO-KELLER APPROACH TO THE DENOMINATORS OF
CLUSTER VARIABLES
G. DUPONT
Abstrat. Buan, Marsh and Reiten proved that if a luster-tilting objet
T in a luster ategory C assoiated to an ayli quiver Q satises ertain
onditions with respet to the exhange pairs in C, then the denominator in its
redued form of every luster variable in the luster algebra assoiated to Q
has exponents given by the dimension vetor of the orresponding module over
the endomorphism algebra of T . In this paper, we give an alternative proof of
this result using the Caldero-Keller approah to ayli luster algebras and
the work of Palu on luster haraters.
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1. Introdution
Cluster algebras were introdued in [11℄ in order to study problems of total
positivity. Then, they were subjet to developments in various diretions inluding
ombinatoris, Lie theory, Teihmüller theory and quiver representations.
By denition, the luster algebras are ommutative algebras generated by a set
of variables alled luster variables gathered into sets of xed ardinality alled
lusters. The Laurent phenomenon proves that the elements in the luster algebra
are Laurent polynomials in the variables ontained in any xed luster. The initial
data for onstruting a luster algebra is a pair (Q,u) where Q is a quiver and
u = (ui, i ∈ Q0) is a tuple of indeterminates over Q, the assoiated luster algebra
is denoted by A(Q).
The link with the representation theory of quivers found one of its motivation
in the nite type lassiation of [12℄. This asserts that the number of luster
variables in A(Q) is nite if and only if Q is a Dynkin quiver and in this ase there
is a 1-1 orrespondene between the almost positive roots system of Q (that is the
disjoint union of the positive roots and the opposite of simple roots) and the luster
variables in A(Q). Considering that the luster variables are Laurent polynomials,
one an dene the denominator vetor of a luster variable P (u)/
∏
i u
di
i in redued
form as the tuple d = (di). The authors obtained a rst interesting desription of
the denominator vetors for luster variables when Q is a ertain quiver of Dynkin
type proving that the denominator vetors for the luster variables were the almost
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positive roots of Q (see also [8℄). If Q is an ayli quiver (that is without oriented
yles), the luster algebra A(Q) is alled an ayli luster algebra.
Initiated by the work of [14℄, the researh of a theoretial framework for the
study of luster algebras leaded to a fruitful ategoriation with the luster at-
egory introdued in [2℄ (see also [8℄ for the Dynkin type A). In [5℄, a surjetive
map α was dened from the set of luster variables of A(Q) to the set of indeom-
posable exeptional objets in the luster ategory C. This map satises that the
denominator of a luster variable x an be desribed in terms of dimension vetor
(in a proper sense to be dened) of the indeomposable exeptional objet α(x).
In [6℄, a map was dened in the reverse diretion, allowing the authors of [9, 10℄ to
prove independently the interpretation of the denominators of luster variables in
terms of omposition fators of the orresponding exeptional objet in the luster
ategory. In partiular, this generalizes the orrespondene between denominator
vetors of luster variables and almost positive roots of Q in the ase when Q is a
Dynkin quiver.
It is an interesting question to wonder how the denominator behaves if one
expresses the luster variables in terms of dierent seeds. It is known sine [5, 10℄
that eah seed an be assoiated with a luster-tilting objet in C. A desription of
the denominators was given in [8, 7℄ when Q is a Dynkin quiver. Reently, Buan,
Marsh and Reiten obtained a generalization in [3℄ when Q is any ayli quiver
under some onditions on the luster-tilting objet orresponding to the seed in
whih the luster variables are expressed.
It is known sine [1℄ that the approahes developed independently in [5℄ and
[6, 9, 10℄ are dual to eah other. Namely, the maps dened there are their mutual
inverse. These two approahes are very omplementary and allow to have a very
good understanding of the link between luster algebras and luster ategories.
The reent works of [15℄, based on onjetures of [9℄, developed a Caldero-Keller
approah to the hange of seeds in luster algebras. By reading [3℄, one ould realize
that the given onditions on the luster-tilting objets appeared naturally in the
ontext of the Caldero-Keller approah to the hange of seeds. Following this idea,
we found it interesting to give alternative proofs for some results of [3℄ using the
Caldero-Keller approah and the works of Palu. Exept for the last setion, our
results are independent of those of [3℄.
The paper is organized as follows. In setion 2 we present the neessary bak-
ground and the main result of this paper. In setion 3, we reall the denition and
properties of the generalized Caldero-Chapoton map from [15℄. In setion 4, we
reall some essential property for the behaviour of denominator vetors of Laurent
polynomials, alled the positivity ondition in [5℄ and weak positivity in [10℄. The
last two setions are devoted to the proofs of our results.
2. Bakground and main results
Let Q = (Q0, Q1) be an ayli quiver with Q0 = {1, . . . , q} is the set of verties
and Q1 is the set of arrows. We will always assume that Q is onneted (ie the
underlying unoriented graph is onneted). In all the paper k denotes the the
eld C of omplex numbers. We denote by kQ the orresponding path algebra,
kQ-mod the ategory of nite dimensional kQ-modules and Db(kQ) the bounded
derived ategory of nite dimensional kQ-modules. τ denotes the Auslander-Reiten
translation on Db(kQ), S the shift funtor and F = τ−1S. Let C = Db(kQ)/F be
the luster ategory assoiated to Q, that is the orbit ategory of F on Db(kQ).
We denote by Ob(C) the set of objets in C and by ind−C the set of indeompos-
able objets in C. An objet will be alled exeptional if it has no self-extension,
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basi if all its distint indeomposable diret summands are non isomorphi. An ob-
jet T will be alled a luster-tilting objet if it is exeptional with q non-isomorphi
indeomposable diret summands. We set
T =
{
M ∈ ind−C : Ext1C(M,M) = 0
}
.
Fix u = (u1, . . . , uq) a q-tuple of indeterminates over Q. We will denote by
A(Q) the (oeient free) luster algebra over with initial seed (u, Q). We denote
by Cl(Q) the set of luster variables in A(Q).
Denition 2.1. Write F = P (u)/
∏q
i=1 u
di
i a Laurent polynomial in the ui. As-
sume that F is written in its irreduible form, that is suh that P is not divisible by
any ui and di ∈ Z for every i. The the q-tuple (d1, . . . , dq) is alled the denominator
vetor of F and is denoted by δ(F ).
In [5℄, the authors introdued a surjetive map α : Cl(Q)−→T from the set
of luster variables to the set of indeomposable exeptional objets in the luster
ategory C. It is dened by
α :
{
Cl(Q) −→ T
x 7→ α(x)
where α(x) is the unique indeomposable exeptional objet with dimension vetor
δ(x) if x 6= ui for all i ∈ Q0 and α(x) = SPi if x = ui for some i ∈ Q0.
Another point of view, whih is dual to this one, onsists of realizing the luster
algebra from the luster ategory. This approah was developed in [6, 9, 10℄ where
the authors dened and studied a map X? : Ob(C)−→Z[u
±1
i , . . . , u
±1
q ] alled the
Caldero-Chapoton map.
In [10℄, the authors proved that the Caldero-Chapoton map indues a bijetion
between T and Cl(Q) and it turned out that the indued map on T is the bijetion
inverse to α (see [1℄), namely
α(XM ) =M and Xα(x) = x
for any M ∈ T and x ∈ Cl(Q).
From now on, we x T =
⊕q
i=1 Ti a luster-tilting objet in C. We denote by QT
the quiver of the luster-tilted algebraB = EndC(T ). It is known (see [5℄) that there
is a seed (x, QT ) mutation-equivalent to (u, Q) in A(Q) where x = (x1, . . . , xq) is a
q-tuple of indeterminates over Q. We denote by A(QT ) the oeient-free luster
algebra with initial seed (x, QT ).
As eah xi is a Laurent polynomial in the ui, we an set ΦT : A(QT )−→A(Q)
the anonial algebra homomorphism sending xi to its expansion in Z[u
±1
1 , . . . , u
±1
q ].
Then, ΦT is an algebra isomorphism from A(QT ) to A(Q) induing a bijetion from
Cl(QT ) to Cl(Q).
If F is a Laurent polynomial in the xi, i ∈ Q0, we denote by δT the denominator
vetor of F expressed in x.
We an draw the following piture where the top maps are inverse bijetions:
T
X? // Cl(Q)
α
oo
δ // ZQ0
Cl(QT )
ΦT
OO
δT
// ZQ0
It is proved in [10℄ that for every objet M ∈ T non-isomorphi to any SPi, the
denominator vetor of XM is
δ(XM ) = dimM = (dimHomC(P1,M), . . . , dimHomC(Pq,M)).
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Reently, in [3℄, the authors proved that under ertain onditions on T , namely the
so-alled exhange ompatibility (see setion 5 for a denition), one ould obtain
a generalization of the above result, also generalizing the denominator theorem of
[5℄. Following the authors, we set:
Denition 2.2. A luster variable x in A(QT ) is said to have a T -denominator if
δT (x) = (dimHomC(T1, α(ΦT (x))), . . . , dimHomC(Tq, α(ΦT (x)))
if x 6∈ {x1, . . . , xq} and α(ΦT (xi)) = STi for every i ∈ Q0.
The following was proved in [3℄ :
Theorem 2.3 ([3℄). Let Q be a nite quiver with no oriented yles, let C be the
luster ategory assoiated to kQ and let T =
⊕q
i=1 Ti be a luster-tilting objet
in C suh that eah Ti is exhange ompatible, then every luster variable has a
T -denominator.
We propose an alternative proof of this result using the Caldero-Chapoton-Keller
approah in a generalized ontext, relying on the works of Palu in [15℄. We denote
by XT? : C−→A(QT ) the so-alled luster harater on C assoiated to the luster-
tilting objet T as introdued in [15℄ (see setion 3 for denitions). It is known
that XT? indues a bijetion between T and the set Cl(QT ) of luster variables in
A(QT ). The situation an be desribed in the following ommutative diagram :
T
XT
? ""E
EE
EE
EE
EE
Cl(Q)
α
oo
Cl(QT )
ΦT
OO
δT // ZQ0
Our main result is the following :
Theorem 2.4. Let Q be a nite quiver with no oriented yles. Let C be the luster
ategory assoiated to kQ and let T =
⊕q
i=1 Ti be a luster-tilting objet in C suh
that eah Ti is exhange ompatible, then for any indeomposable exeptional objet
M of C
δT (X
T
M ) =
{
−ei if M ≃ STi
dimHomC(T,M) otherwise
In partiular, every luster variable has a T -denominator.
This theorem will be proved in setion 5. Our proof is independent of the works
of [3℄. We will see in setion 5 that theorems 2.4 and 2.3 are equivalent.
We also propose an alternative proof of the ondition of exhange ompatibility.
Namely, using the Caldero-Chapoton-Keller approah, we give an alternative proof
of the point (b) of Theorem 1.5 in [3℄:
Theorem 2.5. Let Q be a nite quiver with no oriented yles and C be the luster
ategory assoiated to kQ. Let T =
⊕q
i=1 Ti be a luster-tilting objet in C. Let
A(Q) be the luster algebra assoiated to Q. If every luster variable of A(Q) has
a T -denominator, then EndC(Ti) ≃ k for all i ∈ Q0.
This theorem will be proved in setion 6.
3. Cluster haraters for luster ategories
In this setionQ = (Q0, Q1) still denotes an ayli quiver and C is the assoiated
luster ategory endowed with the shift funtor S. We denote by A(Q) the luster
algebra with initial seed (Q,u) and by Cl(Q) the set of luster variables in A(Q).
Write X? the Caldero-Chapoton map on C (see [6℄).
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Theorem 3.1 ([10℄). Let Q be an ayli quiver, then X? indues a bijetion from
T to Cl(Q).
Fix now a basi tilting objet T and denote by B = EndC(T ) and QT the quiver
of B. We denote by A(QT ) the luster algebra with initial seed (QT ,x) and by ΦT
the anonial algebra homomorphism
Φ : A(Q)−→A(QT )
sending xi to its Laurent expansion in the luster u. In partiular, Φ indues a
bijetion from Cl(QT ) to Cl(Q).
We denote by F = HomC(T, ?) : C−→B-mod. For any objets M,N in B-mod,
we write
〈M,N〉 = dimHomB(M,N)− dimExt
1
B(M,N)
〈M,N〉a = 〈M,N〉 − 〈N,M〉
Note that in general, 〈−,−〉 does not indue a bilinear form on the Grothendiek
group K0(B). Nevertheless, Palu proved in [15℄ that the anti-symmetrized bilinear
form 〈−,−〉a indues a form on K0(B).
For any objet M in C, following [15℄, we dene
XTM =
{
xi if M ≃ STi∑
e
χ(Gr
e
(FM))
∏
i x
〈Si,e〉a−〈Si,FM〉
i otherwise
where e runs over the dimension vetors of B-modules, Gr
e
(FM) denotes the vari-
ety of submodules of FM with dimension vetor e and χ denotes the Euler-Poinaré
harateristi. Moreover, this map satises
XTM⊕N = X
T
MX
T
N
for any two objets M,N in C.
Then, it is known that the following diagram ommutes
T
X?
||zz
zz
zz
zz XT
?
""F
FF
FF
FF
FF
A(Q) A(QT )
ΦT
oo
In partiular, XT? indues a bijetion from T to Cl(QT ).
For any two objets U, V suh that Ext1C(U, V ) ≃ k, we denote by EU,V and
EV,U the unique objets in C suh that there exists non-split triangles
U−→EV,U−→V−→SU
V−→EU,V−→U−→SV
One of the interesting properties of the luster harater XT? is its behaviour
under multipliation:
Theorem 3.2 ([15℄). Fix Q an ayli quiver, C its luster ategory. Fix U, V two
objets in C suh that dimExt1C(U, V ) = 1, then
XTUX
T
V = X
T
EU,V
+XTEV,U .
In the sequel, we will mainly apply this theorem to a partiular ase of pairs of
objets (U, V ) suh that dimExt1C(U, V ) ≃ k, namely when (U, V ) is an exhange
pair in the sense of [2℄. We reall here the denition of an exhange pair.
Fix U0 an indeomposable exeptional objet in T , aording to [2℄, it an be
ompleted into a luster-tilting objet U = U ⊕ U0. Now it is known that there
exists an unique U∗0 non isomorphi to U0 suh that U ⊕ U
∗
0 is a luster-tilting
objet in C. The pair (U0, U
∗
0 ) is alled an exhange pair.
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For suh an exhange pair, Ext1C(U0, U
∗
0 ) ≃ k and EU0,U∗0 , EU∗0 ,U0 are objets in
addU , where addU denotes the subategory of objets whose diret summands are
diret summands of U . In partiular EU0,U∗0 and EU∗0 ,U0 are exeptional objets.
As an immediate orollary, we obtain:
Corollary 3.3. Fix (U,U∗) an exhange pair in C, then
XTUX
T
U∗ = X
T
EU,U∗
+XTEU∗,U
We reall the denition of the tilting graph of a luster ategory. The verties
of the tilting graph are representatives of the isomorphism lasses of luster-tilting
objets of C and there is an edge between two luster-tilting objetsM andM ′ ifM
andM ′ dier only by one diret summand, that is if M = U ⊕U andM ′ = U∗⊕U
where (U,U∗) is an exhange pair in C. It is proved in [2℄ (see also [13℄) that the
tilting graph of a luster ategory is onneted.
4. Weakly positive Laurent polynomials
An essential notion onerning the behaviour of the denominators of Laurent
polynomials under sum and multipliation is the positivity ondition, introdued in
[5℄. Following [10℄, we will all this property the weak positivity.
Denition 4.1. A Laurent polynomial F = P (x)/xd in an irreduible form will
be alled weakly positive if P (z) > 0 for every z ∈ NQ0 with at most one vanishing
omponent.
Given two vetors d, e ∈ ZQ0 , we write
max(d, e) = (max(di, ei))i∈Q0
This notion is known to be useful in onsidering the denominator vetors of
luster variables, it appears to be a entral point for the tehniques developed
in [5, 3, 10℄. The following gives the essential reasons for introduing the weak
positivity.
Lemma 4.2. [10℄ We x any Laurent polynomial ring R. For any element L ∈ R,
denote by δR the denominator vetor of L. Then,
(1) If L1 and L2 are weakly positive Laurent polynomials, then L1 +L2 is also
weakly positive. Moreover,
δR(L1 + L2) = max(δR(L1), δR(L2))
(2) If L1 and L2 are Laurent polynomials suh that L1 is weakly positive, then
L2 is weakly positive if and only if L1L2 is weakly positive. Moreover
δR(L1L2) = δR(L1) + δR(L2)
In [10℄, the authors proved that for any indeomposable exeptional objet, XM
is a weakly positive Laurent polynomial. We prove similarly that XTM is weakly
positive:
Lemma 4.3. For any indeomposable exeptional objet M in C then XTM is a
weakly positive Laurent polynomial in x.
Proof. As M is an indeomposable exeptional objet, it an be ompleted into a
luster-tilting objet in C. The tilting graph being onneted, it sues to prove
by indution that if the XTU are weakly positive for all the diret summands U
of a luster-tilting objet R, then the XTU are weakly positive for all the diret
summands U of any luster-tilting objet R′ joined to R by an edge in the tilting
graph.
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We start the indution from the luster-tilting objet ST =
⊕q
i=1 STi. For every
i ∈ Q0, X
T
STi
= xi = 1/x
−1
i is a weakly positive Laurent polynomial.
Fix now R and R′ two luster-tilting objets joined by an edge in the tilting
graph. The R = U ⊕ U and R′ = U∗ ⊕ U where (U,U∗) an exhange pair. We
assume thatXTV is a weakly positive Laurent polynomial for all the diret summands
V of R. Aording to orollary 3.3, we have
XTUX
T
U∗ = X
T
EU,U∗
+XTEU∗,U .
Aording to lemma 4.2, if XTEU,U∗ , X
T
EU∗,U
and XTU are weakly positive then so
is XTU∗ . As EU,U∗ , EU∗,U ∈ add (U), X
T
EU,U∗
, XTEU∗,U and X
T
U are weakly positive
Laurent polynomials by indution and then XTU∗ is weakly positive. 
Corollary 4.4. For any objet M without self-extensions, XTM is a weakly positive
Laurent polynomial in x.
Proof. WriteM =
⊕
iMi the deomposition into indeomposable summands, then
XTM =
∏
iX
T
Mi
is a produt of weakly positive Laurent polynomials and is thus
weakly positive. 
5. Proof of theorem 2.4
In this setion, we prove theorem 2.4. As we will see, the ondition of exhange
ompatibility introdued in [3℄ arises naturally as the neessary ondition for lus-
ter variables to have a T -denominator. We rst reall the denition of exhange
ompatibility from [3℄:
Denition 5.1. Fix (U,U∗) an exhange pair. An indeomposable exeptional
objet N in C is alled ompatible with the exhange pair (U,U∗) if whenever U 6≃
τN 6≃ U∗ we have
dimHomC(N,U)+dimHomC(N,U
∗) = max(dimHomC(N,EU,U∗), dimHomC(N,EU∗,U ))
N will be alled exhange ompatible if it is ompatible with all the exhange
pairs in C.
We denote by {ei, i ∈ Q0} the anonial basis of Z
Q0
. For any objet M in C,
we denote by
dimHomC(T,M) =
∑
i∈Q0
dimHomC(Ti,M)ei
Corollary 2.4. Let Q be an ayli quiver, C its luster ategory and T a luster-
tilting objet in C. Assume that for any i ∈ Q0, Ti is exhange ompatible, then
for any indeomposable exeptional objet M of C
δT (X
T
M ) =
{
−ei if M ≃ STi
dimHomC(T,M) otherwise
Proof. We x i ∈ Q0. Proving the theorem is equivalent to proving that for any
indeomposable exeptional objet M , we have
δT (X
T
M )i = dimHomC(Ti,M)−mi(M) =: hi(M)
wheremi is the multipliity of STi as a diret summand ofM and δT (X
T
M )i denotes
the i-th omponent of δT (X
T
M ).
FixM an indeomposable exeptional objet, it an be ompleted into a luster-
tilting objet in C. The tilting graph being onneted, it sues to prove by indu-
tion that if the property holds for all the diret summands of a luster-tilting objet
R, then it holds for all the diret summands of any luster-tilting objet R′ joined
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to R by an edge in the tilting graph. We start the indution with the luster-tilting
objet
⊕q
i=1 STi for whih the result learly holds.
Fix now R and R′ two luster-tilting objets joined by an edge in the tilting
graph. We an write R = U ⊕ U and R′ = U∗ ⊕ U with (U,U∗) an exhange pair.
We write B = EU∗,U and B
′ = EU,U∗ . Corollary 3.3 implies that
XTUX
T
U∗ = X
T
B +X
T
B′
and by lemmas 4.4 and 4.2, we thus have
δT (X
T
U ) + δT (X
T
U∗) = max(δT (X
T
B), δT (X
T
B′))
If U 6≃ STi 6≃ U
∗
, as Ti is ompatible with the exhange pair (U,U
∗), we have
dimHomC(Ti, U) + dimHomC(Ti, U
∗) = max(dimHomC(Ti, B), dimHomC(Ti, B
′))
As U and U∗ are indeomposable, we have mi(U) = mi(U
∗) = 0 and thus
hi(M) = dimHomC(Ti,M)
Then, the above equality beomes
hi(U) + hi(U
∗) = max(dimHomC(Ti, B), dimHomC(Ti, B
′))
By indution, δT (X
T
U ) = hi(U), δT (X
T
B) = hi(B) and δT (X
T
B′) = hi(B
′), thus
δT (X
T
U∗) + hi(U) = max(hi(B), hi(B
′))
so we only have to prove that
(1) max(dimHomC(Ti, B), dimHomC(Ti, B
′)) = max(hi(B), hi(B
′))
Assume that STi is not a diret summand of U , it follows that mi(B) = mi(B
′) = 0
and the result holds. Assume now that STi is a diret summand of U , it follows
that Ext1C(STi, B) = 0 and thus HomC(Ti, B) = 0 and similarly HomC(Ti, B
′) = 0.
Now, equation (1) holds if and only if mi(B) = 0 or mi(B
′) = 0. But it is known
(see [4℄) that B ⊕ B′ is a basi objet, thus B and B′ have no ommon diret
summands and thus either mi(B) = 0 or mi(B
′) = 0, whih gives the indution
step.
Now, if U ≃ STi, then δT (X
T
U )i = −1. As U ≃ STi and B,B
′ ∈ addU , we have
Ext1C(B,STi) = 0 = Ext
1
C(B
′, STi) and Ext
1
C(STi, U
∗) ≃ HomC(Ti, U
∗) ≃ k. Also,
mi(B) = 0 = mi(B
′) and thus hi(B) = hi(B
′) = 0. Now
δT (X
T
U∗)i = max(δT (X
T
B)i, δT (X
T
B′)i)− δT (X
T
U )i
= 1
= dimHomC(Ti, U
∗)
As U∗ is indeomposable and non-isomorphi to U , it follows that mi(U
∗) = 0 and
thus
δT (X
T
U∗)i = hi(U
∗).
Now if U∗ ≃ STi, then learly δT (X
T
U∗)i = δT (xi) = −1 = hi(U
∗) and the
theorem is proved. 
We now laim that theorems 2.4 and 2.3 are equivalent. Indeed, x x a luster
variable in A(QT ), then as the following diagram ommutes
T
XT
? ""E
EE
EE
EE
EE
Cl(Q)
α
oo
Cl(QT )
ΦT
OO
δT // ZQ0
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we have α(ΦT (x)) = M for some indeomposable exeptional objet M ∈ T suh
that XTM = x. Now if x 6= xi for all i ∈ Q0, it follows that x has a T -denominator
if and only if
dimHomC(T,M) = δT (x)
= δT (X
T
M )
and thus the theorems are equivalent. And if x = xi, then M = STi and x has a
T -denominator.
6. Proof of theorem 2.5
We now prove theorem 2.5. In order to give an alternative proof of this theorem,
we will nevertheless have to rely on some part of the work presented in [3℄. More
preisely, we will use the proposition 2.4 of [3℄:
Proposition 6.1 ([3℄). If N is an indeomposable exeptional objet suh that
EndC(N) 6≃ k, then there is an indeomposable exeptional objet N
∗
suh that
(N,N∗) is an exhange pair and N is not ompatible with this exhange pair.
We now give a proof for theorem 2.5 whih is an alternative proof of point (b)
of theorem 1.5 in [3℄:
Theorem 2.5. Let Q be a nite quiver with no oriented yles and C be the luster
ategory assoiated to kQ. Let T =
⊕q
i=1 Ti be a luster-tilting objet in C. Let
A(Q) be the luster algebra assoiated to Q. If every luster variable of A has a
T -denominator, then EndC(Ti) ≃ k for all i.
Proof. Assume that EndC(Ti) 6≃ k for some Ti. It follows from proposition 6.1
that there exists an indeomposable exeptional objet T ∗i suh that (Ti, T
∗
i ) is an
exhange pair and Ti is not ompatible with respet to this exhange pair. We
write T the omplement suh that Ti ⊕ T and T
∗
i ⊕ T are luster-tilting objets,
then (Ti, T
∗
i ) is an exhange pair and we write B = ET∗i ,Ti and B
′ = ETi,T∗i .
Corollary 3.3 implies that
XTTiX
T
T∗
i
= XTB +X
T
B′ ,
and lemmas 4.4 and 4.2 give
δT (X
T
Ti
) + δT (X
T
T∗
i
) = max(δT (X
T
B), δT (X
T
B′))
As Ext1C(Ti, STi) 6= 0, STi is not a diret summand of Ti ⊕ T . We an thus
assume that δT (X
T
M )i = dimHomC(Ti,M) for any diret summand M of T and
where δT (X
T
M )i denotes the i-th omponent of the dimension vetor δT (X
T
M ). As
B and B′ are in addT , we have in partiular that δT (X
T
B)i = dimHomC(Ti, B)
and δT (X
T
B′)i = dimHomC(Ti, B
′).
Now, Ti is not ompatible with the exhange pair (Ti, T
∗
i ). Moreover, τTi 6≃
Ti (otherwise Ti has a self-extension) and τTi 6≃ T
∗
i (beause Ext
1
C(Ti, T
∗
i ) ≃ k
and Ext1C(Ti, τTi) ≃ HomC(STi, STi) ≃ EndC(Ti) 6= k). It thus follows from the
denition that
dimHomC(Ti, Ti) + dimHomC(Ti, T
∗
i ) 6= max(dimHomC(Ti, B), dimHomC(Ti, B
′))
Then,
δT (X
T
T∗
i
) = max(δT (X
T
B), δT (X
T
B′))− δT (X
T
Ti
)
= max(dimHomC(Ti, B),dimHomC(Ti, B
′))− dimHomC(Ti, Ti)
6= dimHomC(Ti, T
∗
i )
But T ∗i is indeomposable exeptional, so X
T
T∗
i
is a luster variable in C whih has
no T -denominator. 
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Note that in [3℄, the authors proved theorems 2.3 and 2.5 for k an arbitrary
algebraially losed eld whereas our proofs restrit to the ase where k = C is the
eld of omplex numbers.
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